We theoretically analyze the spectrum of a magnetic molecule when its charge and spin can couple to the molecular vibrations. More specifically, we show that the interplay between charge-vibron and spin-vibron coupling leads to a renormalization of the magnetic anisotropy parameters of the molecule. This effect is discussed for a model device consisting of an individual magnetic molecule embedded in a junction. We study the transport properties of the device and illustrate how the differential conductance is affected by the vibrationally induced renormalization of the magnetic anisotropy. Depending on the total molecular spin and the bare (intrinsic) magnetic anisotropy, the induced modulation can lead to visible shifts and crossings in the spectrum, and it can even be the cause of a transport blockade. It is therefore of particular interest to use mechanically controllable break junctions, since in such a case, the relevant coupling between the molecular spin and vibrations can be controlled via deformations of the molecule when stretching or compressing the junction.
I. INTRODUCTION
Interest in molecular electronics [1] is stimulated by rapid technological advances that allow for isolation and manipulation of individual molecules to realize singlemolecule junctions [2, 3] -nanoscopic devices with tunable optical, mechanical and magnetic properties [4] . One particularly prospective candidate for information storing and processing devices are molecules that exhibit large effective spin and magnetic anisotropy. The combination of these two quantities gives rise to magnetic bistability, which is a key prerequisite for a system to serve as a memory element [5] . Accordingly, the control of the magnetic anisotropy of molecules deposited in a junction is imperative for achieving functional devices. So far, only a few schemes for modifying such magnetic anisotropy in situ have been demonstrated experimentally in specific molecules. For instance, by means of electrical gating, dissimilar magnetic properties of different molecular charge states were utilized [6] , or, by mechanical straining of the junction, the ligand field in a molecule based on a single magnetic ion was locally altered [7] . In addition, theoretical analysis predicts that also application of effective spintronic fields should be a feasible approach [8] . In this paper, we explore another possible way of engineering magnetic anisotropy in largespin molecules which harnesses the coupling between spin and molecular vibrations without the application of external fields to the molecule.
Individual molecules inserted in junctions vibrate with discrete frequencies, and these quantized vibrations (socalled vibrons) can couple to other molecular degrees of freedom, such as, charge and spin. For example, the interaction between electronic charge and vibrations can * misiorny@amu.edu.pl lead to excitation of transitions between different molecular vibrational states, when an electron tunnels through a molecule. This effect has been experimentally observed in single-molecule junctions based on carbon derivatives, specifically carbon nanotubes and fullerenes [9] [10] [11] [12] [13] [14] , and also in other single molecules [15] [16] [17] [18] [19] . Moreover, if this charge-vibron coupling is strong, it drastically impacts the transport properties of individual molecules, and at low bias-voltage it may even block transport of electrons -an effect known as Franck Condon blockade [20, 21] . Recently, this effect has been experimentally and theoretically studied also in the context of magnetic molecules [22, 23] . On the other hand, the primary interest in the coupling between vibrations and spins stems from its prominent role in the spin relaxation processes, which have been extensively studied for various systems, e.g., atomic spins in crystal solids [24, 25] and other molecular systems [26] [27] [28] [29] [30] [31] . However, only recently, the effect of spin-vibron coupling on the properties of individual molecules captured in junctions has caught some attention [32, 33] . It has been suggested for sensing [34, 35] and cooling [36, 37] applications in carbon nanotubes, and experimentally demonstrated to arise between a single molecular spin and a carbon nanotube [38] .
Here, we address the general question of how the interplay of the charge-and spin-vibron coupling in a single magnetic molecule affects its magnetic properties. While in this paper we deal with a general model that could be relevant for a large class of molecules, we would like to point out that the influence of (static) deformations on the magnetic anisotropy has recently been experimentally demonstrated in Co-based molecules [7] . For the purpose of this paper, we consider a model device consisting of a spin-anisotropic molecule embedded in a molecular junction, where vibrations of the molecule couple to both, the charge of tunneling electrons and the resulting spin of the molecule. To analyze the effect of vibrations on magnetic properties of the molecule, we derive an effective giant-spin Hamiltonian exhibiting relevant corrections to the magnetic anisotropy constants due to the charge-and spin-vibron coupling. We show that such corrections significantly impact the spectral properties of the molecule, which, in turn, can have a profound effect on transport characteristics of the device. In particular, we here analyze signatures in the differential conductance emerging from the modulation of the magnetic anisotropy of the molecule due to the interplay of chargeand spin-vibron couplings. In order to calculate transport properties of the weakly coupled molecule, we use a master equation approach deriving from a real-time diagrammatic technique. An additional technical achievement of this paper is the careful analysis of the regimes where coherent superpositions of molecular states do not affect the transport properties. We thereby validate the simpler master equation approach, where such superpositions are disregarded, for the situations studied here. This paper is organized as follows: the model of a vibrating magnetic molecule captured in a three-terminal molecular junction is introduced in Sec. II, whereas the effective spin Hamiltonian including corrections to magnetic anisotropy constants due to the charge-and spinvibron couplings is derived in Sec. III. Next, in Sec. IV we discuss how these couplings affect spectral properties of the molecule. Key transport characteristics of this system are presented in Sec. V. Finally, a summary of the main findings and conclusions are given in Sec. VI. Appendix A contains an analysis of the role of coherent superpositions between molecular states for transport calculations.
II. MODEL OF A VIBRATING MAGNETIC MOLECULE IN A MAGNETIC JUNCTION
In this section, we formulate the model for a magnetic molecule embedded in a junction, as depicted in Fig. 1(a) . The key features of such a model are captured by the general Hamiltonian
Importantly, the characteristics of a molecule are typically strongly impacted by its vibrational degrees of freedom. Only, when introducing the model, for conceptual clarity, we formally split the part of the Hamiltonian corresponding to the molecule,Ĥ mol +Ĥ vib , into two parts: (i)Ĥ mol describing the charge and spin properties of a static molecule (see Sec. II A), and (ii)Ĥ vib including the effects associated with molecular vibrations (see Sec. II B). Finally, the last term of Eq. (1),Ĥ jun , accounts for the bare magnetic junction as well as for tunneling of electrons between electrodes of the junction and the molecule (see Sec. II C). A gate electrode is used to tune the energy spectrum of the charged molecule. (b) Effect of magnetic anisotropy on the spectrum of a model molecule with spins S0 = 1/2 and S1 = 1, given by spin states |ψ0 ∈ | ± 1/2 for the neutral state and |ψ1 ∈ |0 , | ± 1 for the charged state with uniaxial anisotropy only (E = 0). In the presence of transverse anisotropy (E = 0), we get |ψ1 ∈ |χ
For further explanation see Sec. II A.
A. Magnetic molecule
We consider a class of magnetic molecules whose static properties are determined by their charge and spin states. The associated energy is described by the Hamiltonian
The first term of the Hamiltonian above arises due to the capacitive coupling of the molecule to a gate voltage V g , which shifts the entire spectrum of the molecule by an energy ∝ eV g depending on its charge. Specifically, we assume that only two charge states n of the molecule are energetically accessible: the neutral state (n = N ) and the charged state (n = N + 1). For notational brevity we henceforth set N to 0. In principle, the occupation of many different molecular orbitals can lead to these two charge states; the occupation number operator of the molecule therefore reads aŝ n ≡ l,σd coupling of the molecule to a gate electrode is simply given byĤ ch = E(V g )n, with a gate-voltage dependent energy E. From the magnetic point of view, in each charge state n the molecule can be regarded as an effective ground-state molecular spinŜ n , whose intrinsic magnetic behavior is characterized by the giant-spin Hamiltonian [39, 40] ,
In the equation above, the first term represents the uniaxial component of the magnetic anisotropy, while the transverse component is described by the second term. The relevant anisotropy constants are given by D n and E n . This magnetic anisotropy can, for instance, stem from a static deformation of the molecule due to the deposition into the junction.
In order to gain insight about the magnetic behavior of the static model molecule, it is instructive to analyze the eigenstates of the Hamiltonian as given in Eq. (2), |ψ n , withĤ mol |ψ n = E ψn |ψ n . In the situation when a molecule exhibits exclusively a uniaxial component of magnetic anisotropy (D n = 0 and E n = 0), the basis of eigenstates of the molecule is simply formed by the states |ψ n ≡ |S n , M n representing projections of the spinŜ n on the z-axis, that is,Ŝ
Note that a magnetic molecule in a given charge state can in general exhibit a few spin multiplets (with different total spin S n ). These spin multiplets are typically very well separated in energy, so that only states belonging to the ground spin multiplet are energetically accessible in the parameter regime under consideration. Therefore, in the following we often use a simplified notation replacing |S n , M n → |M n . Now, if also the transverse component is present (D n = 0 and E n = 0), one finds that the eigenstates |ψ n correspond to linear combinations of the spin projections along the z-axis, given by |ψ n = Mn C ψn Mn |M n , where C ψn Mn are the expansion coefficients.
To illustrate the effect of magnetic anisotropy on the energy spectrum of a molecule in a given vibrational state, in Fig. 1(b) we show the energy spectrum for a hypothetical molecule with S 0 = 1/2 and S 1 = 1, additionally assuming that
One can see that for uniaxial anisotropy, the eigenstates are conveniently labeled with M n and they are degenerate when having equal |M n |. However, for non-vanishing transverse anisotropy (E = 0) the degeneracy of charged states, |ψ 1 ∈ |χ
neutral charge state.
B. Impact of molecular vibrations
Importantly, a molecule embedded in a junction generally supports different vibrational modes. These vibrational modes are approximated as independent harmonic oscillators [41] with angular frequencies ω q ,
and they can in principle couple both to the charge (Ĥ ch-vib ) and spin (Ĥ spin-vib ) degrees of freedom of the molecule. The operatorb † q (b q ) denotes the creation (annihilation) operator for the qth quantized vibrational mode, referred commonly to as a vibron. We here assume the total number of vibrational modes to be Q. In the absence of the coupling terms,Ĥ spin-vib andĤ ch-vib , the vibronic contribution, |ϑ , to the molecular eigenstates is given by |ϑ ≡ |n The coupling of these vibrations to the electronic charge has been extensively studied [20, 21, 41, 42] , and is captured by the Hamiltonian
with the dimensionless coupling strength λ q . However, in a molecule in which deformations (for example, due to the embedding into the junction) influence its magnetic anisotropy [32, 33] , small oscillations around the equilibrium position, are expected to lead to interactions between molecular vibrations and the spin as well [31, 33] . This is represented by the third term of the Hamiltonian (4),
Here, the operatorŜ nq reads aŝ
and the dimensionless parameters Λ u nq and Λ t nq stand for the coupling strength of vibrations to the uniaxial and transverse components of the molecular spin, respectively. In the following discussion, ω q , λ q , Λ u nq and Λ t nq , as well as D n and E n are treated as tunable, continuous parameters. A possibility to address the strength of the magnetic anisotropy in a molecule is via stretching in a break junction setup [32, 33] . Note that in such a case also the vibration frequency and the strength of the coupling to the charge are tunable via the junction properties [1, 43, 44] .
Finally, it should be mentioned that in general the operatorŜ nq can take a more complex form, determined by the symmetry properties of the molecular spin and vibrations depending on how the molecule is embedded in the junction. In other words, it is conditioned by how the coupling to the electrodes of the junction and the molecular vibrations affect the ligand field, generating thus additional contributions to the magnetic anisotropy of the molecule [28, 38] .
C. Tunnel coupling to electrodes
The embedding of the molecule into an electronic junction enables electron tunneling processes between junction and molecule, which thereby change the charge-and spin-state of the molecule. Within the model under consideration, the electrodes of the tunnel junction are represented as two reservoirs of non-interacting electrons as described by the first term of the Hamiltonian 
In the equation above, we split the tunneling amplitude into two factors: one quantifying the orbital overlap of the molecular states (T r ), and the other imposing spin selection rules for transitions between molecular states (T σ ψ1ψ0 ). The former is given by T r = l t r l S 1 ||d † l ||S 0 , with S 1 ||d † l ||S 0 denoting the so-called reduced matrix element, which occurs here due to application of the Wigner-Eckart theorem [46] . The explicit form of the latter is
with S 0 , M 0 ; In the following, we allow the electrodes to be spinpolarized. Note that only a collinear relative orientation of the spin moments in the electrodes -that is, the parallel and antiparallel magnetic configuration, as shown in Fig. 1(a) -is considered, and we take these spin moments also to be collinear with the principle (z) axis of the molecule.
To quantify the magnetic properties of the electrodes we introduce the spin-polarization coefficient P r defined in terms of the DOS of spin-majority (-minority) electrons, ν 
III. EFFECTIVE HAMILTONIANS
Due to the coupling between vibrations and the molecule's charge and spin degrees of freedom, see Eqs. (5)-(6), the molecular states |ψ n ⊗|ϑ are not eigenstates of the HamiltonianĤ mol +Ĥ vib any longer. The purpose of this section is to eliminate the chargevibron and spin-vibron couplings from the HamiltonianĤ mol +Ĥ vib by application of appropriate canonical transformations,
The scope of this transformation is that the new effective Hamiltonian Ĥ mol +Ĥ vib -with renormalized parameters-becomes diagonal in the basis |ψ n ⊗ |ϑ . Particularly, the transformation kernelsÂ c andÂ s allow for elimination of the chargevibron (Ĥ ch-vib ) and spin-vibron (Ĥ spin-vib ) interactions, respectively.
A. Charge-vibron coupling in the absence of spin-vibron coupling
The former kernel, first introduced by Lang and Firsov [47] , is known to have the form
q −b q n, and it has proven very useful for studying the Franck-Condon phenomena in transport through single-molecule devices [20, 21, 23, 42] . The Lang-Firsov transformation decouples the charge and vibronic operators, leading at the same time to an energy shift of the charged state, Note that in this transformed tunneling Hamiltonian the number of vibrational excitations is not conserved anymore. The new coefficient J ϑ ϑ is the so-called FranckCondon matrix element [21, 48, 49] ,
B. Spin-vibron coupling
In the presence of spin-vibron interaction, Eq. (6), the Lang-Firsov transformation generates an additional term in the molecular Hamiltonian,
Noticeably, this term does not couple spin and vibrational degrees of freedom of the molecule, but represents a correction to the magnetic anisotropy of the molecule in the charged state.
In a next step, we derive the kernelÂ s of the canonical transformation (11) , which can remove the spin-vibron interaction leading to an effective molecular Hamiltonian with renormalized magnetic-anisotropy parameters. The following discussion is divided into two parts: first, we consider molecules with uniaxial anisotropy, only, (that is, with E n = 0 and Λ t nq = 0), and second, we cover the more general case of molecules exhibiting both uniaxial and transverse anisotropy.
Molecules with purely uniaxial magnetic anisotropy
For this first case, we set E n = 0 in Eq. (3) and Λ t nq = 0 in Eq. (7) . In order to derive the transformation kernelÂ s , we apply the procedure described in Ref. [50] , projecting the spin-vibron interaction termĤ spin-vib , Eq. (6), on the states |M n ⊗ |ϑ , which are the eigenstates of the HamiltonianĤ 0 = eÂ
With this we findÂ
This expression agrees with that used by Ruiz-Tijerina et al. [33] , who studied the effect of magnetic anisotropy dynamically induced by mechanical stretching of a molecule on transport in the Kondo regime. Next, inserting the operator (15) into Eq. (11), we obtain the effective (renormalized) Hamiltonian of the molecule with vibrationŝ
Here, the charge part of the molecular Hamiltonian is given bŷ
with the energy shift caused by the charge-vibron interaction, as mentioned above. Importantly, the spinvibron coupling is eliminated at the expense of modifying the magnetic properties of the molecule, and the spin termĤ spin is written aŝ
The anisotropy is affected in two ways: First, the uniaxial anisotropy constant D n in Eq. (3) is renormalized as
n , with
Second, a new component representing a fourth-orderin-spin contribution to the uniaxial magnetic anisotropy ∝ (Ŝ z n ) 4 appears in Eq. (17), with the anisotropy constant δD (4) n taking the form
The result of Eqs. (16)- (19) is an effective molecular Hamiltonian, which is diagonal in the basis of product states |M n ⊗ |ϑ . Note that the transformation with the operatorÂ s does not further affect the tunneling Hamiltonian given in Eq. (12).
Molecules with uniaxial and transverse magnetic anisotropy
The situation becomes more complicated for a molecule with an additional non-vanishing transverse component of magnetic anisotropy (E n = 0). In general, there exists no generic canonical transformation that would allow for exact elimination of the spin-vibron coupling. The reason is that HamiltoniansĤ spin-vib andĤ 0 do not share the same basis of eigenstates, that is, Ĥ spin-vib ,Ĥ 0 = 0, and, hence, the full molecular HamiltonianĤ mol +Ĥ vib [see Eq. (2) and Eq. (4)] cannot be diagonal with respect to bothĤ 0 andĤ spin-vib simultaneously. Nonetheless, there are two particular cases for which commutation ofĤ spin-vib andĤ 0 can be restored so that they can be diagonalized in the basis |ψ n ⊗ |ϑ : the first one resorts to a specific constraint of parameters (namely, if
, while the second one exploits the fact that -independently of the anisotropy parameters-Ĥ spin-vib ,Ĥ 0 = 0 for a molecular spin S n 1. The key advantage in the latter case is that, though not applicable to large-spin molecules (i.e., with S n > 1), this solution does not involve any additional restrictions regarding the properties of the molecule.
In either of these cases, the same method as in Sec. III B 1 can be used and we obtain
The effective giant-spin Hamiltonian now reads aŝ
where {•, •} in the last line denotes the anticommutator.
The corrections δD (2) n and δD (4) n are given by Eq. (18) and Eq. (19), respectively, while the remaining corrections are found to be
It means that in addition to the renormalization of the strength of the uniaxial and transverse anisotropy, in general an additional type of anisotropy is introduced by the combined uniaxial and transverse spin-vibron coupling. Consequently, the coupling of vibrations to the charge and spin of a molecule modifies its energy spectrum in various ways. In the remainder of this paper, we consider these effects for different example molecules and study both the explicit impact on the energy spectra, Sec. IV, as well as the resulting features expected to appear in the tunneling current through these molecules when embedded into a junction, Sec. V.
IV. IMPACT ON SPECTRAL PROPERTIES
The first, obvious impact of vibrations on the spectrum of a molecule manifests as a repetition of the magnetic spectrum of the static molecule at energies corresponding to multiples of the energies ω q of the vibrational modes q = 1, . . . , Q. This indeed plays a role in transport properties, as will be studied in detail in Sec. V, where transitions between states with different vibronic occupations occur. In the present section, we concentrate on the nontrivial impact of vibrations -resulting from the coupling between vibrations and the charge and spin of the molecule-on the magnetic component of the molecular spectrum. Since this part of the spectrum becomes modified identically in all vibrational states, below we simply focus on the vibrational ground state (with n q v = 0 for all q).
A. Interplay of magnetic anisotropy and vibrations
In this subsection, employing the example molecule introduced in Sec. II A with the "static" energy spectrum shown in Fig. 1(b) , we will illustrate how vibrations affect the magnetic spectrum of a molecule. To begin with, recall that in the neutral state this model molecule is characterized by a spin S 0 = 1/2, corresponding to a spin doublet, |χ ± 0 ≡ | ± 1/2 . From Eqs. (16)- (19) and Eqs. (21)- (24), one finds that the spin-vibron interaction only results in an energy shift ∆ 0 = −δD (4) n /16. The situation is different in the charged state, characterized by a spin S 1 = 1, in which the magnetic state of a molecule is the spin triplet: |χ 0 1 = |0 and |χ
In such a case, we can simplify the effective spin HamiltonianĤ spin , Eq. (21), tô
where D eff = D + ∆D and E eff = E + ∆E with ∆D = δD
1 + 2δC
1 .
We remind that due to the capacitive coupling of the molecule to a gate electrode, the relative position of the neutral doublet and the charged triplet can be continuously adjusted by application of the gate voltage V g . For instance, it allows for compensating the shift ∆ 0 . This shift will therefore be omitted from now on.
To further discuss the impact on the spectrum, we assume for simplicity that only one vibrational mode of energy ω is involved in the coupling (we hence omit the vibrational mode index 'q'). In this example, we also take the anisotropy constants D and E, as well as all coupling parameters to be positive; the case of D < 0 is analyzed in Sec. IV B. The corrections to the magnetic anisotropy, Eqs. (26)- (27) , take then the explicit form,
where we introduce the coefficient
Let us make an estimate of the relevance of these corrections with respect to the original anisotropy parameters D and E. Both corrections depend linearly on the chargevibron coupling strength λ and the energy of the vibrational mode ω. In general, one expects that the chargevibron interaction dominates over the spin-vibron coupling, that is, Λ u 1 /λ 1. In this case, we can approximate ∆D ≈ 2λΛ 1), the shift ∆D can still achieve appreciable values compared to D (and equivalently for ∆E and E).
In Fig. 2 , we schematically show how the spinvibron coupling affects the energy of the spin states, 
where the degeneracy of the states |χ
). Gaining control over the spin-vibron coupling is therefore extremely advantageous, because it would enable enhancing the overall anisotropy (important for information storage) and at the same time it could reduce, or even fully cancel, the energy splitting between the lower lying states.
The value of ζ determines the slope of the energy of the state |χ − 1 as a function of the spin-vibron coupling (shown in Fig. 2 for a negative slope at ζ < 1). Thus, if a molecule is characterized by ζ > 1 (that is, when vibrations couple stronger to the transverse component of the molecular spin) and by vibrational modes of sufficiently large energies, it is actually possible that -due to a large positive slope-the energy of |χ 
B. Magnetic spectrum reversal
In general, the sign of corrections to the magnetic anisotropy due to spin-vibron coupling depends on (24) in Sec. III. In the previous subsection, we have fixed all these parameters to be positive. In consequence, we have concluded that while the correction ∆D to the uniaxial component of magnetic anisotropy is expected to be positive [see Eq. (28)], the correction ∆E to the transverse component E eff is negative [see Eq. (29)]. The latter can result in quenching the transverse anisotropy for some particular values of the spin-vibron couplings. One should, however, notice that molecules can also be characterized by one or both negative bare anisotropy parameters. Interestingly, in such a case we predict that the coupling of charge and spin of a molecule to its vibrations can lead to a substantial qualitative change of the magnetic spectrum. This effect may play a key role especially for a large-spin molecule (that is, with S 0 , S 1 > 1 and |S 1 − S 0 | = 1/2) and in the absence of transverse magnetic anisotropy (E 0 = E 1 = 0), where it can be observed in transport measurements as the onset of a pronounced spin blockade, as we will show in Sec. V C.
Charged state
To illustrate this point, let us consider the simplest model of a molecule for which such a situation arises: a molecule with S 0 = 3/2 and S 1 = 2 that exhibits only uniaxial magnetic anisotropy with D ≡ D 0 = D 1 < 0, and as previously, the contribution of only one vibrational mode is taken into account. The key feature of the energy spectrum of such a model molecule is that for both charge states the ground spin state(s), in each vibrational state, is formed by the state(s) characterized by the smallest projection of the spin along the z-axis, namely, |0 and | ± 1/2 . The corresponding energy spectrum in the absence of spin-vibron coupling (Λ u ≡ Λ u 0 = Λ u 1 = 0) is schematically depicted in Fig. 3(a) .
The situation changes as soon as Λ u = 0. In the limit where the charge-vibron coupling dominates (Λ u
u > |D|/(2λ ω) one finds a reversal of the magnetic spectrum in the charged state, meaning that the states with the largest projection of the spin along the z-axis (| ± S 1 ) again become lowest in energy, as one can see in Fig. 3(b) . Note at the same time that the magnetic spectrum in the neutral state remains approximately unaffected by coupling to molecular vibrations. Importantly, the flip of the magnetic spectrum in only one charge state [as shown in Fig. 3(b) ] has a profound consequence for transport measurements, as transitions between the ground spin states of different charge states are no longer permitted by spin selection rules, see Eq. (10).
4 This aspect will be further addressed in Sec. V C.
On the other hand, at Λ u = |D|/(2λ ω) all the spin states in the charged state become degenerate, so that the molecule effectively behaves as if it was spinisotropic. Actually, the spin-isotropic behavior should be observed already when k B T, Γ (2S 1 − 1)|D eff | with D eff ≈ D + 2λΛ u ω.
V. TRANSPORT CHARACTERISTICS
As discussed in the previous section, the spinvibron coupling can significantly influence the magnetic anisotropy of a molecule. In this section, we demonstrate how these effects manifest in the tunneling current through such a molecule in a transport setup as depicted in Fig. 1(a) . We focus on the two example molecules, for which we discussed the modified spectral properties in the previous section.
A. Kinetic equations
In order to calculate the charge current through the molecule in the junction, we use a master equation approach derived from a real-time diagrammatic technique [51, 52] . We start from the density matrix of the whole system and trace out the reservoir degrees of freedom. We are then left with the dynamics of the reduced density matrix with the elements P ξ ξ ≡ ξ|ˆ red |ξ . Here the states |ξ ∈ {|ψ n ⊗ |ϑ } denote the eigenstates of the vibrating molecule, when decoupled from the electronic reservoirs. We are interested in transport in the stationary state and in a situation where the molecule is weakly coupled to the electrodes, Γ k B T . For this reason, we restrict our calculations to the sequential tunneling limit, where only first-order contributions in Γ/(k B T ) are taken into account in the tunneling dynamics. Then, for the exemplary molecules discussed in Sec. IV, the dynamics of the diagonal elements of the reduced density matrix, P ξ ξ ≡ P ξ , is governed by the Master equation
The kernel W ξξ = r=S,D W r ξξ takes into account transition rates between molecular states due to (vibrondependent) electron tunneling between the molecule and the source (r = S) or the drain (r = D). The elements of this kernel can be found employing Fermi golden rule. For instance, the transition from a neutral state |ξ 0 = |ψ 0 ⊗ |ϑ to a charged one |ξ 1 = |ψ 1 ⊗ |ϑ induced by tunneling of a single electron with spin σ from the rth electrode to the molecule occurs with the rate
with the coefficients T σ ψ1ψ0 and J ϑ1ϑ0 given by Eq. (10) and Eq. (13), respectively. It is important to emphasize that, while diagonal and off-diagonal elements of the reduced density matrix are decoupled in the example cases studied here, this is by no means a generally valid statement. In Appendix A, we show in detail how this decoupling occurs here, starting from a full generalized kinetic equation that involves both the diagonal (occupation probabilities) and the off-diagonal (coherences) elements of the reduced density matrix of the moleculeˆ red [53] [54] [55] . We write the tunneling current through the device as the average of the currents through the tunnel barriers connecting the molecule to the drain (I D ) and the source (I S ),
with the occupation probabilities P ξ obtained from Eq. (31) . The variables n ξ take the value 0 or 1, depending on whether the molecule in state ξ is neutral or charged, respectively.
In what follows, we first give a general overview of features arising in transport spectroscopy due to the interplay of magnetic anisotropy and vibrations. Next, we present a specific case where transport characteristics of the device change radically if spin-vibron coupling is induced in the system. In our discussion, we employ the two examples introduced in detail in Sec. IV.
B. Effect of the interplay of magnetic anisotropy and vibrations on transport characteristics
We will now investigate the impact of the spectral features for the model molecule discussed in Sec. IV A on the tunneling current through it. We therefore come back to the simple molecule with spin values S 0 = 1/2 and S 1 = 1, whose spin-eigenstates in the neutral state are given by |χ ± 0 ≡ | ± 1/2 , while in the charged state by |χ 0 1 = |0 and |χ
2. Its effective energy spectrum (now including vibrational states) is schematically shown in Fig. 4(a) .
Moreover, the following numerical results are obtained for realistic values of relevant parameters, that is, within the range of experimentally observed values, see e.g., Ref. [22] . Specifically, we assume that the coefficients characterizing intrinsic (static) magnetic anisotropy are D = 500 µeV and E/D = 0.15, whereas the energy of a molecular vibrational mode is ω/D = 4. We also note that except Sec. V B 4, we consider here nonmagnetic electrodes (P = 0).
No spin-vibron coupling
To begin with, let us first consider the case where the molecule exhibits only the intrinsic component of magnetic anisotropy, meaning that only charge-vibron (λ = 0) but no spin-vibron coupling (Λ Fig. 4(a) . Fig. 4(b) reaches resonance . Note that from the position of one can easily determine the energy of the vibrational mode, see Fig. 4(a) .
The physical origin of resonances visible at larger bias voltage (eV b 2 ω) can be understood using the same arguments as above. The only difference is now that transitions take place between states with different numbers of molecular vibrational excitations. Moreover, the intensity of equivalent resonances (that is, associated with the same type of spin transitions but occurring between different vibrational states) is attenuated. This effect is governed by the Franck-Condon factors, Eq. (13), which basically put a weight on transition rates determined by the nuclear wave function overlap between the various vibrational states of the molecules [21, 48] .
Spectroscopic signatures of spin-vibron coupling
The situation changes if also the spin-vibron coupling becomes active, which is illustrated in the right box of In particular, resonance moves towards larger bias voltages (D eff > D), while for resonance the opposite behavior is observed (E eff < E), see the pertinent energy spectrum schematically shown in Fig. 4(f) . Physically, it corresponds to increasing the energy barrier for spin reversal (determined by D eff ), while reducing the effect of under-barrier transitions (introduced by E eff ).
Moreover, we also note that resonance from Fig. 4(c) is absent in Fig. 4(e) . The underlying transition does not arise in the present situation, because the energy of the state |χ (26)- (27) . Moreover, if one could control and increase further the strength of the spin-vibron coupling, it should in principle be possible to diminish the gap between states |χ ± 1 beyond the detection limit set here predominantly by temperature T . One of promising ways to achieve this goal may be to tune the coupling via stretching of the molecule embedded in a mechanically controllable break junction. Realistic changes of the coupling strength obtained with this method are expected to be of the order of a few percent [56] . It is also for this reason that we chose to show the example in the right box of Fig. 4 and to not consider the case where E eff can get fully suppressed (up to Γ and below) via the spin-vibron coupling. Nevertheless, for some specific molecules it may still be possible to completely switch off the transverse component of magnetic anisotropy in this way.
Asymmetry effect of spin-vibron coupling
In the previous subsection, we made the assumption that the ratio of the transverse to the uniaxial component First of all, recall from Sec. IV A that while the correction ∆D to the uniaxial magnetic anisotropy [see Eq. (28)] only weakly depends on ζ, in the case of the correction ∆E to the transverse magnetic anisotropy [see Eq. (29)] this dependence is linear. As a result, the value of ζ should more significantly affect transport features associated with the energy scale 2E eff rather than the ones associated with D eff . In particular, the position of resonances -and in Fig. 4 discussed in the former subsection are thereby modified.
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In Fig. 5 we analyze how the differential conductance plotted in Fig. 4(e) [shown here for reference as the green curve for ζ = 0.15] depends on the value of ζ -note that the coupling parameter Λ Fig. 2 . Importantly, when increasing ζ the critical value Λ u 1,crit is effectively diminished. Therefore, one finds that at fixed Λ is the ground state for ζ ζ * , with
For the parameters used in Fig. 5 , one finds ζ * ≈ 0.24. In consequence, one expects that: (i) 0 < E eff < E for ζ ζ * , and in particular, E eff ≈ E for negligibly small ζ; (ii) E eff < 0 for ζ ζ * , and additionally if ζ > 2ζ * one finds |E eff | > E. These distinctive regimes translate into specific shifts of characteristic resonances in the differential conductance, see 
Potential of magnetic electrodes
Finally, we note that the advantage of using a magnetic junction is that one can selectively enhance or decrease resonances. So far, we have concentrated exclusively on transport characteristics of the device in the case of nonmagnetic electrodes, see Fig. 4 and Fig. 5 . Noteworthily, when using magnetic electrodes, by switching the device from the parallel into the antiparallel magnetic configuration, one can adjust the intensity of certain resonances.
In Fig. 6 we compare cross-sections of the differential conductance at a fixed gate voltage obtained by changing the relative orientation of spin moments of the source and the drain from parallel (solid lines) to antiparallel (dashed lines). Importantly, note that the solid lines for the parallel magnetic configuration are in fact identical to those calculated in Figs. 4(c,e) for nonmagnetic electrodes. It can be seen that while a majority of resonances is only weakly affected by the change of the magnetic configuration, two resonances visibly react to it: resonance becomes more pronounced and the intensity of resonance gets diminished. In the latter case, by reducing the disproportion between the heights of resonances and , one expects to better resolve the merging of the two resonances when for example ζ or Λ u 1 are changed as discussed in the previous section. The mechanism underlying this effect stems from the spinasymmetry of the tunnel coupling of a molecule to the drain and source electrodes, given in the end of Sec. II. It basically leads to unequal occupation probabilities of the neutral-doublet states |χ 
C. Vibrationally induced spin blockade in transport
Finally, we show that the reversal of the magnetic spectrum in a large-spin molecule due to the coupling of spin and charge to molecular vibrations, non-trivially manifests in transport spectroscopy. As already announced in Sec. IV B, it can lead to the occurrence of a spin-blockade in transport, which we investigate in the present section. For this purpose, we employ the minimal model of a molecule capable of supporting such an effect, characterized by spins S 0 = 3/2 and S 1 = 2, which exhibits only a (negative) uniaxial component of magnetic anisotropy, here assumed to be D ≡ D 0 = D 1 = −125 µeV. The relevant magnetic spectrum of such a molecule is schematically shown in Fig. 3 .
For conceptual simplicity, we again include only one vibrational mode with energy ω = 2 meV, and take the coupling parameters λ = 1.5 and Λ u ≡ Λ We show the differential conductance of this model system in Fig. 7 Note that the energy unit ∆E = 4|D| corresponds to the difference between energies of the spin states |0 and | ± 2 of the charged molecule without spin-vibron coupling, see also the right side of Fig. 3(a) . NDC stands here for 'negative differential conductance'. The other parameters are Γ/∆E = 0.01, P = 0, λ = 1.5, kBT /∆E = 0.02, E = 0, ω/∆E = 4 with ∆E = 4|D| = 500 µeV.
as a function of bias and gate voltages qualitatively resembles that for the molecule analyzed in Fig. 4(b) , but with more transitions since the molecule is characterized by a larger spin. The observed resonances can be attributed to specific transitions between different charge states |M 0 ⊗ |n v and |M 1 ⊗ |n v [see Fig. 3(a) ] that satisfy the spin selection rule |M 1 − M 0 | = 1/2. The only new features are some (blue) spots of negative differential conductance (NDC, marked by arrows), which signify a reduction of transport. The NDC arises when the molecule gets trapped in the excited doublet state for n = 0 (i.e., the state | ± 3/2 ), before the transition to the highest-in-energy doublet state for n = 1 (i.e., the state | ± 2 ) becomes energetically permitted by application of a bias voltage. This NDC is possible since the energy required for the transitions | ± 1/2 → | ± 1 and | ± 1 → | ± 3/2 is the same, while the excitation energy for | ± 3/2 → | ± 2 is two times larger. See also the spectra in Fig. 3(a) for clarification.
Also in the presence of spin-vibron coupling [see Fig. 7(b) ], extended regions of NDC are visible. However, what is more striking is that at low bias voltage, eV b 2∆E, transport is fully suppressed. The reason for this is that for the present, purposefully chosen set of parameters, one finds from Eqs. (18)- (19) that while the uniaxial magnetic anisotropy constant for the neutral state remains approximately the same, in the charged state the new effective anisotropy constant
u ω is positive. As a result, an energy barrier for spin reversal in the charged state forms, as illustrated in Fig. 3(b) . Most noticeably, the reversal of the magnetic spectrum entails that only transitions between ground and excited spin states (of the neutral and the charged molecule, respectively) are allowed by spin selection rules.
VI. SUMMARY AND CONCLUSIONS
The main purpose of this paper was to investigate the effect of the coupling of molecular vibrations to the charge and spin of a molecule on magnetic properties of such a molecule. By deriving the effective giant-spin Hamiltonian, Eq. (21), we have found that these vibronic couplings result in modifications of the magnetic anisotropy parameters of the molecule, along both the uniaxial [see Eqs. (18)- (19) ] and transverse [see Eqs. (22)- (24)] directions, by inducing additional magnetic anisotropy components. Depending on the intrinsic magnetic anisotropy of the molecule, its vibrational energy and the coupling strength to its spin, this interaction can lead to diverse effects ranging from enhancing to quenching or even inverting different components of the magnetic anisotropy.
In order to illustrate how the effect of spin-vibron coupling manifests in transport spectroscopy, we have considered a device consisting of a single magnetic molecule inserted in a capacitively gated three-terminal junction. We have perturbatively calculated stationary transport in first order of the tunnel-coupling using a real-time diagrammatic technique. In our calculations, we have paid particular attention to justify the conditions under which coherent superpositions between molecular states (represented by the off-diagonal components of the reduced density matrix of a molecule) play no role for transport.
Our results show that the modulations of the magnetic anisotropy can lead to distinct effects in the differential conductance. In particular, in certain molecular regimes even a blockade of transport can occur. We ex-pect that the effects under discussion, stemming from the spin-vibron coupling, should be observable especially in molecules based on individual metallic/magnetic ions, such as, Co-based complexes [7] or metal complexes derived from phthalocyanine (based on single ions of Cu, Mn, Fe, Ni) [57] [58] [59] . In such molecules, their magnetic core is particularly sensitive to changes of the crystal field of surrounding ligands associated with molecular vibrations. For instance, such a mechanism has been proposed [33] to explain the experiment by Parks et al. [7] .
In general, junctions containing a single magnetic molecule owe their interest to envisioned applications of such systems as information storing and processing devices. In this context, the analysis conducted in this paper provides an insight on how to harness molecular vibrations to control the magnetic anisotropy. We show that it constitutes a possible mechanism to enhance a magnetic bistability of such molecules, which is a necessary requirement for a binary memory element. For instance, by mechanically stretching the junction or by deforming the molecule using other means, the energy of the vibrational modes, as well as, the coupling strength to the molecular spin can be tuned to increase the energy barrier for spin reversal while reducing the effect of magnetization tunneling under the barrier. Consequently, our results indicate a way to improve the robustness of spintronics devices based on single magnetic molecules. In Sec. V A, we have introduced the Master equation for the diagonal elements of the reduced density matrix of the molecule P ξ ξ , see Eq. (31). However, only in special, yet relevant cases, the dynamics of the diagonal and offdiagonal (i.e., P ξ ξ for ξ = ξ ) elements of the reduced density matrix decouple. In the following, we explain why the example cases studied in the present paper can indeed be treated with a simple Master equation as given in Eq. (31) .
More generally, the kinetic equation for a weakly coupled molecule in the stationary regime reads dP ξ1 ξ2
The first term in the right hand side of the equation above represents the intra-molecule dynamics, and it only plays a role for coherences (ξ 1 = ξ 2 ), vanishing for occupation probabilities (ξ 1 = ξ 2 ). The second term, on the other hand, involves transitions between molecular states induced by tunneling of electrons between the molecule and electrodes. These processes are captured via the generalized transition rates W
, which can be evaluated using a real-time diagrammtic technique [52] . For explicit rules for the diagrammatic evaluation of these rates, see, e.g., Appendix B in Ref. [52] or Appendix A in Ref. [55] .
a. Energy splitting
In principle, coherent superpositions between two molecular states |ξ and |ξ , represented by the offdiagonal terms P ξ ξ of the reduced density matrixˆ red , play a role in the sequential-tunneling regime only if |E ξ − E ξ | Γ [55] . The reason for this is the following: when the energy separation |E ξ − E ξ | significantly exceeds the tunnel-broadening Γ of these states, there is a zeroth order term in the perturbation expansion in Γ/(k B T ) to the Master equation. As a result, the first term on the right hand side of Eq. (A1) -being the only contribution in this order-has to equal zero. In this regime, coherences P ξ ξ can thus be neglected and Eq. (31) is a valid approximation describing the dynamics of the molecule's occupation probability. In general, how to treat coherences in systems where states with |E ξ − E ξ | ≈ Γ occur, depends on the specific properties of the studied molecule. For the case of molecules with uniaxial and transverse anisotropy, studied in this paper, it means that only coherences between states coupled by transverse magnetic anisotropy [see the second term of Eq. (3)], which are either degenerate or slightly split, can have an impact on the dynamics.
b. Spin-selection rules
Let us first concentrate on molecules with spins S n exhibiting only uniaxial magnetic anisotropy (E n = 0). In such a case, the spin states of the molecule correspond to pure S z -spin projections |M n (with M n = −S n , −S n + 1, . . . , S n − 1, S n ), see Sec. II A. Following the previous subsection, we need to examine the behavior of degenerate (time-reversed) states |± |M n | . However, in the present situation, transitions between the diagonal (P ξ ) and off-diagonal (P ξ ξ ) elements of the reduced density matrixˆ red are forbidden due to spin conservation. Consequently, the dynamics of P ξ and P ξ ξ decouples and Eq. (31) is valid in the sequential-tunneling limit.
On the other hand, if also the transverse component of intrinsic magnetic anisotropy (E n = 0) exists, the spin states |ψ n become composed of an admixture of states |M n belonging to one of two otherwise uncoupled, time-reversed sets [45] .
For a half-integer spin S n , the states |ψ n = |± |M n | form Kramers' doublets. Their degeneracy cannot be lifted by the presence of a transverse anisotropy -indeed, the transverse anisotropy couples only those states for which ∆M z is an integer multiple of 2. In practice, this means that only spin-transitions between states from different doublets are enabled when E n = 0. Such states, however, have a large energy splitting due to the uniaxial anisotropy, D Γ, and coherences between them are therefore suppressed in first-order transport.
In contrast, for an integer spin S n , previously degenerate states |ψ n = | ± M n become coupled by the transverse magnetic anisotropy. They thereby get split by an energy ∆, as shown for S n = 1 in the right side of Fig. 1(b) where ∆ = 2E (with E ≡ E n ). For S n > 1, this energy splitting ∆ can even be significantly smaller than E n . Consequently, for small (effective) transverse anisotropies with ∆ Γ, the contribution of coherences to the molecule dynamics might be relevant. Nevertheless, whether coherences in the end really contribute or not, still depends on the specific transport setup. Below, we discuss in more detail the relevant example of a molecule with S 0 = 1/2 and S 1 = 1, already introduced in Fig. 1(b) and discussed in Secs. IV A and V B. In this subsection, we demonstrate that coherent superpositions between the magnetic states |χ + 1 and |χ − 1 must be included, if 2E eff Γ and the electronic contacts are magnetic and differently polarized. Since, due to the large energy splitting ω, no coherences between different vibrational states arise, we consider in the following the conceptually simplest case of a static molecule with states |ξ n ≡ |ψ n , where |ψ 0 ∈ |χ ± 0 and |ψ 1 ∈ |χ
, as defined in Sec. IV A. Thus, the reduced density matrixˆ red of the molecule in matrix representation reads aŝ
with the diagonal elements representing the probabilities, and two off-diagonal elements capturing the coherent superpositions between states |χ + 1 and |χ − 1 . Using diagrammatic rules for the evaluation of the kernel, see, e.g., Refs. [52, 55] and Appendix B for explicit expressions, we can write down the full set of Master equations (A1) for the entries of the reduced density matrix, Eq. (A2), in first order in the tunnel-coupling. An intuitive physical understanding can be gained by expressing them in the form of Bloch equations. For this purpose, we introduce a pseudospin vector Σ 1g for the two lowest-in-energy (ground) spin states |χ 
and analogously for the degenerate neutral state
In addition, the probabilities to find the molecule in the neutral state, P 0 , in the charged ground state, P 1g , or in the excited charged state, P 1e , are given by 
In the equations above, we have introduced the auxiliary notation for the Fermi functions f − r (E) ≡ 1 − f r E and f + r (E) ≡ f r E , and energy differences ∆ χχ ≡ E χ − E χ , together with the energies associated to the different spin states E χ0 ≡ E χ (A9) Here, Ψ r (E) ≡ Re Ψ 1/2 + i(E + µ r )/(2πk B T ) , with Ψ(E) representing the digamma function, and E c being the largest (cut-off) energy scale.
In an analogous way, one can find the expression for the time evolution of Σ These equations show that, in general, the dynamics of probabilities and coherences are coupled. Specifically, if the neutral-state pseudospin Σ z 0 , Eq. (A10) is not suppressed in the stationary limit, it gives rise to the x and y components of the charged-state pseudospin Σ 1g , as visible from Eq. (A8). Inspecting the explicit expressions for the combined elements of the kernel 'W ' given in Appendix B, we conclude, though, that this is the case only if Γ ↑ = Γ ↓ , as it is realized for ferromagnetic electrodes.
Consequently, in the limit of small transverse anisotropy, leading to ∆ Γ, and spin-polarized electrodes, off-diagonal elements of the reduced density matrix are expected to contribute to the molecular dynamics. However, for nonmagnetic electrodes, the equations for the pseudospins simplify substantially, 
Note that since we consider the limit E χ when deriving these expressions, in order to consistently include terms in leading order Γ.
